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1. INTRODUCTION 
The title of this paper refers to: 
THEOREM 1.1. Let R be a commutative noetherian ring of finite Krull 
dimension d. Let S be a multiplicatively closed set of non-zero-divisors in 
R [Xl. Let A be a subring of S’R [Xl, which contains R[X]. Let P be a 
finitely generated projective A-module of rank >d + 1. Then 
(A) P has a unimodular element, 
(B) P is “cancellative,” i.e., if P @ P’ r Q @ P’ for some finitely 
generated projective A-module P’, then P 7 Q. 
The case when A = R[X] was covered in [6]. In [4] the case when A = 
R[X, X-l] and in [2] rings A such that R[X] s A C_ R[X, X-‘1 were 
covered. This led to the above problem. 
In [3] Eisenbud and Evans made three conjectures about modules over 
polynomial rings. Thus, in this paper we settle analogues of conjectures one 
and two for rings A such that R [X] c A c S - ‘R [Xl, where S is a 
multiplicatively closed set of non-zero-divisors in R [X]. Mohan Kumar has 
settled the analogue of conjecture three for rings of fractions of polynomial 
rings in [5]. 
In Section 2 we make the standard reductions and include the crucial 
lemma which enables us to reduce the problem to one over R[X]. In 
Section 3 the existence of a unimodular element in P is got by a “patching” 
argument as in ([6, Proposition 1 and Theorem 21). In Section 4 we prove 
that P is cancellative. This proof is in the lines of ([2, Theorem 4.2 and 
Theorem 4.3; 4, Theorem 2.21). Accordingly, we merely sketch a proof and 
ask the interested reader to consult the above papers for notations and 
details. Similarly, in Section 5 we sketch a proof of the analogous stability 
theorem for GI,.(.4), and also discuss stability questions for Gl,(A [T, ,..., T,]). 
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2. PRELIMINARIES 
Throughout this paper all rings will be commutative and all modules will 
be finitely generated. 
R will denote a noetherian ring with f%ite Krull dimension d and A will 
denote a ring such that R[X] c A E S-‘R(X], where S denotes a 
multiplicatively closed set of non-zero-divisors in R[X]. P will denote a 
projective A-module of rank >d + 1. 
Let Q be any projective A-module. Then Q may be regarded as a 
projective module over a ring B, where B is a subring of A which is 
generated by R [X] an d some finite set of elements of A. Moreover, one may 
even assume B s R [X, l/f(X)], for some f (X) E S. 
Consequently, to prove Theorm 1.1 we may assume that A is noetherian 
and that R [X] G A E R [X, l/f(X)], f or some non-zero-divisor f (X) E R [Xl. 
Clearly, there is no loss of generality in assuming further that f (0) = 0. 
We do this. It is essential for both Theorem 1.1 (A,B). 
By Nakayama’s lemma, and since R,,,[X] G Ared G S-‘R,,,[X], we may 
assume that A, equivalently R, is reduced. 
By ([2, Proposition 3.2]), dim A Q dim R [Xl. Classically it is known that 
if rank(P) > ‘dim A, then P has a unimodular element and is cancellative (see 
[ 1, Theorem 3.4, p. 1831). Thus, we stress the additional case when dim A = 
dim R [X] = d + 1 = rank(P). 
The oft-used lemma, which enables one to reduce the problem to one over 
R[X], is: 
LEMMA 2.1. Let B c C be rings of dimension d, and let x be an element 
of B such that B, = C,. Then 
(i) B/(1 +xb)=C/(l +xb)forall bEB. 
(ii) Zf U is an ideal of C such that ht Qt > d, and ‘u + XC = C, then 
there exists an element b E B such that 1 + xb E a[. 
(iii) If c E C, then c s 1 +x + x*h (mod 1 + xb) for some h E B, and 
for all b E B. 
Proof. (i), (ii) were observed in [2, Lemma 4.11. Of them, (i) is clear, 
and we prove (ii) for the sake of completeness. 
We have only to consider the case when U is a proper ideal, i.e., ht ‘u = d. 
Replacing 2l by any of its associated primes (they are all maximal), we may 
assume that 2I is prime. Since x 6Z a[, %C, is a prime ideal of C, of height d. 
Therefore, since B, = C,, ‘u n B (=‘tlC, n B) is a prime ideal of B of 
height d. In other words 9l n B is maximal in B and, since it does not 
contain x, it must contain an element of the type 1 + xb for some b E B. 
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(iii) By (i), c =W+d(l txb),b’EB,dEC. 
Therefore, 
c = b’ + d(1 •t- xb) + (1 - b’)(l t xb) 
+x(1 -b(l -b’))(l +xb) mod( 1 + xb) 
= 1 -I- x + x%( 1 - b( 1 - b’)) mod( 1 + xb). 
3. EXISTENCE OF A UNIMODULAR ELEMENT IN P 
Case (i): If A = R [X, l/f(X)]. 
Let M be a R [Xl-submodule of P such that M/,,, = P. Sincef(X) 4 p for 
any minimal prime p of R [Xl, M,fx,/p,tcx,Mft,, ES MJpM,. Hence p,(M) = 
p,(P) > d + 1. Therefore, by [6, Theorem 21 M has a basic element nz. But 
then qtx, E P is a unimodular element. 
Case (ii): If the Jacobson radical J(R) of R has a non-zero-divisor. 
We show that given a unimodular element z E P/j?, there exists a 
unimodular element p E P with p E z (modp). 
Let s (#0) be a non-zero-divisor in J(R). 
Then, since R,[X] c A, E R,[X, l/f(X)], by [2, Proposition 3.21, we get 
dim A, Q dim R,[X] < d + 1. Moreover, since s is a non-zero-divisor in A, 
dimA/s<dimA=d+ 1. 
Therefore, A,, A/(s) have generalised dimension (d, and a fortiori so 
does A. 
By the Eisenbud-Evans theorem as stated in (6, Section 11, we conclude 
that there is a unimodular element p E P with p E z (modJM), for any given 
unimodular element z E P/p. 
Case (iii): f(X) is a non-unit in A. 
P/’ is a projective A/df)-module of rank >d t 1. Let p4 E P/’ be 
unimodular. Lift it to a p E P. Then u, p) E A 0 P is unimodular. After 
applying a suitable transvection (see [3, Theorem A, Corollary 21) we may 
assume ht O,(p) > rank(P) > d + 1. By Lemma 2.l(ii) applied with 
B = R [Xl, x = f(X), 2I = O,(p), C = A, etc. there exists h E R [X] such that 
1 +fi E O,(p). Let a E P* = Hom,(P, A) such that a(p) = 1 + Jr. 
Applying Lemma 2.1, as above, we can find a set of generators {p = p,, 
p2,..., pk} of P with a(~,) E R [X] for all 1 < i < k, as follows: Let p,, 
pi,..., p; be a set of generators of P. Let a(pf) = ai for 2 Q i Q k. Since 
R [Xl/(1 +Jh) = AlO +fh), we have a, = b, + c,(l + fh) where bi E R [X] 
and ciEA, for 2<i<k. LetP;=P;-ciP, for 2<i<k. 
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Let M be the R[X]-submodule of P generated by (p,, p*,..., pkj. Then a 
can be regarded as an element of Hom,t,#4, R [Xl). The canonical map 
M @R[X] A to P is onto, and its kernel, say N, is thef(X)-torsion submodule 
of M@R,Xl A. In particular, M,,,, z Pf,,, is projective of rank > d + 1. 
Consequently, ,a,(M) > d + 1, for all p E Spec R [Xl. 
We show that M has a unimodular element. For this, we intend to apply 
the following proposition of Plumstead (see proofs of [6, Proposition 1, 
Lemma 21): Barring will denote “modulo X.” 
PROPOSITION (Plumstead). Let A = R [X] be a reduced ring. Let M be an 
A-module and z an element of a. Let sl, s2 E R be such that Rs, -I- Rs, = R. 
Let xi E Msi be basic at all primes of R,, with Xi = (z),i for i = 1,2. Let Ni = 
M,,/R,,x,.. Assume further that (N,),, and (N2)s, are extended projectives. 
Then there exists an element x EM and automorphisms oi E Aut Msi for 
i = 1,2, such that aixi =x. 
It is easy to find a s, E R, and a x, E M,, such that M,, is free, and x, is 
unimodular in M,, with xi E p (modJ1M,,). Moreover, we may also assume 
that MsJRs,xl is free. 
Let S = 1 + s,R. S-‘M is a torsion-free S-‘R[X]-module with 
,uu,(S-‘M) > d + 1 for all p E Spec(SiR [Xl). By case (ii), we can find a 
basic element m2 E S-‘M such that m2 E ps (mod f(S-‘M)). Let the short 
exact sequence 0 -+ S-‘R,2 -+ S -‘M+ N, -+ 0 define the S- ‘R [Xl-module 
N,. S-‘Ms, is free and (m,),, is unimodular in it, hence (N&, is stably free. 
Also, rank(N,),, > d > dim((S-‘R)s,[X]). Hence, by [6, Theorem 11, or by 
[8, Theorem 1.11, (N&, is free. Therefore, there is a s2 E S with m, basic in 
MS,, 0 + RsZmz + MS, + N, + 0 defined, and (N& free. Moreover, since 
(m&E (A4f)sI = P,, is unimodular, f” E OMs (mJ for some integer N > 0. 
And m, = ps, (modfU,,), a(p) G 1 (moddf)j, together imply that O,sJm,) 
has an element congruent o 1 mod f (X). Thus, m2 is unimodular in M,?. 
By the above proposition of Plumstead, there exists an element m E M, 
and ai E Aut Msi, such that aimi = rnsi for i = 1,2. Hence m, being locally 
unimodular, is a unimodular element in M. 
Let P E Hom,&M, R [Xl) b e such that P(m) = 1. Then p @ 1 induces a 
map /3’: P -+ A such that /3’(m) = 1, as p @ 1 vanishes on N. 
4. P IS "CANCELLATIVE" 
Let P’ @ Q z P’ 0 P for some projective module P’. We wish to show 
that Q z P. 
We may assume P’ = A. 
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Let u: A 0 Q -+ A 0 P be an isomorphism with ~(1, 0) = (a, p). It is 
enough to show that there exists an automorphism of A @P which maps 
(a, p) into (I, 0). 
We may assume a E fA. This is clear if f is a unit in A. Otherwise, 
dim A/(j) < dim A, and we can apply standard stability arguments after 
going mod f(X). 
On applying a transvection, we may assume ht O(P) > rank(P) = d + 1. 
As before, an application of Lemma 2.l(ii) shows how to tind an 
a E P* = Hom,(P, A) with a(P) = 1 + Jr, h E R [Xl. 
By Lemma 2.1 (iii), there exists b E A such that a - b(1 + Jr) = 
1 + f + f *h’, for some h’ E R [Xl; and so, on applying a transvection, we 
may assume that a = 1 + f +f *h’, 
Apply the usual transvection taking (a, p) to (a, p - up). Let q1 = p - up. 
Clearly, q1 = fp, for a p1 E P, and a(q,) = -f + f *g, for some g E R [Xl. 
Hence a(pJ = -1 + fg. 
As before, we can find a set of generators {p,, p2,..., pk} of P with 
a(pJ E R [X] for all 1 6 i < k. 
Let M be the R [Xl-submodule of P generated by (p, ,..., pk}. Let N be the 
kernel of the canonical surjection A ORIX, M--f P. Regard 
a E Hom,,,l(M R [Xl). 
NOW (a, ql)E R[X] @M is unimodular, as a = 1 + f + f*h’ is in 
0 RIXIOM(~, 4;); and alsof NE 0 RIxlO,,,(a, qi) for some integer N> 0, as (a, q,) 
becomes unimodular after inverting f. 
We are now in a position to apply a modification of a result in [4, 
Remark 2.51, namely: 
Remark 4.1. Let R be a reduced ring, with Krull dim R = d. Let M be a 
torsion-free R [Xl-module such that MfcX, is a projective R [X, l/f(X)]- 
module of rank >d + 1, for some non-zero-divisor f(X) E R [Xl, with 
f (0) = 0. Let (a, m) E R [X] @ M be a unimodular element with 
(ii) a = 1 (moddf)), 
(iii) O,(m) contains an element of the type f + f *g for some 
gER[Xl- 
Then R [X] 0 M/R [X] (a, m) r M. 
Sketch of the proof of Remark 4.1: Let N = R [X] @ M/R [X](a, m). 
The proof is analogous to that in [4, proof of Theorem 2.21. It is obtained 
by an application of Plumstead’s lemma [6, Section 2, Lemma 21 to the 
patching diagram: 
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RF1 - S-‘R[X] 
I I 
% [Xl - (s,S)-‘R[X] 
where S = 1 + s,R, for a suitable s, E R, for which iVs, r M,,. 
Fix an isomorphism 4: iVs, 3 M,,. In [4, Theorem 2.21 it is shown how to 
construct an isomorphism w of S’N and S-‘M such that (I&, = (J)sZ, 
where the overbar denotes “mod X.” This is done by an application of Eisen- 
bud-Evans theorem using a generalised imension function on D(X), which 
is bounded by the Krull dimension of D(X). Also conditions (i), (ii), (iii) 
above withf(X) =X are used. We argue similarly, only using a generalised 
dimension function on D(J), which is bounded by the Krull dimension of 
Ddf). The existence of such a function is proved similarly too. We also use 
the parallel conditions (i), (ii), (iii) above at the appropriate steps to obtain 
an isomorphism w of S-IN and S-‘M such that (p),, = ($),,,, where the 
overbar denotes “mod f(X).” 
Finally, apply [6, Section 2, Lemma 21. For this, note that sincef(0) = 0, 
we have ensured isotopy at the lower right-hand corner of the above square! 
Thus, we get an automorphism r of R [X] 0 M such that t(a, q,) = (1,O). 
Since A @ P is a quotient of A 0 (A ORIX, M) by itsf(X)-torsion submodule, 
1 @lwl r induces an automorphism of A @ P which maps (a, ql) into (LO). 
5. STABILITY THEOREMS FOR Gl, 
As before, R will denote a noetherian ring of finite Krull dimension d, A 
will denote a ring lying between R[X] and S-‘R[X], where S is a 
multiplicatively closed set of non-zero-divisors in R [Xl. 
THEOREM 5.1. 
(I) E,(A) acts transitively on Um(A”) for n > d + 2. Consequently, 
the canonical map 
WAP,(A)-+~,(A) is subjective for n 2 d + 1. 
(II) Assume S consists only of manic polynomials in R [Xl. Then, any 
stably elementary matrix in Gl,(A[T,,..., T,,,]) is in E,(A[T, ,..., T,]), for all 
n > max(3, d + 2), and for all m > 0. 
ProoJ Clearly, we may assume that A is noetherian. Further, we may 
also assume that R [X] E A c R [X, l/f(x)], for some non-zero-divisor 
f(X) E R [Xl. We may also assume f (0) = 0. 
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(I) Analogous to proof of [2, Theorem 6.21. Only apply [2, 
Lemma 6.11 with x = f(X), instead of x = X. 
(II) By induction on m. Assume m = 0. Let S = 1 + f(X) R [Xl. Since 
f(O) = 0, every element of S is a non-zero-divisor in A. Now, the ring A&A, 
and, by [2, Proposition 3.21, the ring (A&, have dimension <d. Hence, A, 
has generalised imension <d; and so by the Eisenbud-Evans theorem has 
stable range <d + 1. Hence, by [9, Theorem 3.21, any stably elementary 
matrix in Gl,(A,) is in E,(A,). Let now u E Gl,(A) be stably elementary. 
Applying [2, Lemma 6.31 with B = R[X], C = A, and x = f(X) we find 
E E E,(A) and r E GI,(R [Xl) such that u = EZ. Hence, a/ is stably 
elementary. By [7, Corollary 5.71, r is stably elementary. Hence, by [7, 
Theorem 6.31, r is elementary. Thus, ~7 is elementary. 
Let m > 1 and let u E Gl,(A [T, ,..., 7’,]) be stably elementary. Let S’ 
denote the multiplicatively closed set consisting of all manic polynomials in 
R[T,]. Then dimR[T,],,=d and A[T,],, lies between R[T,],,[X] and 
S-‘R[T,],,[X]. By the induction hypothesis us, E E,(A[T,],,[T,,..., T,,,]). 
So, by [7, Corollary 5.71, u E E,(A[T, ,..., T,]). 
Remark 5.2. It would be interesting to know if the canonical map 
Gl,,(A [T, ,..., T,])/E,(A [T, ,..., T’,]) 4 K,(A [T, ,..., T,,,]) is surjective for 
n > d + 1. We show this below for rings A which are rings of fractions of 
polynomial rings. 
PROPOSITION 5.3. Let A be a fraction ring of a polynomial ring R [Xl. 
Then, E,(A [T, ,..., T,,,]) acts transitively on Um(A [T, ,..., Tm]“)fOr n > d + 2, 
and for all m > 0. 
Proof. We may assume A = R [X, l/‘(X)], for some non-zero-divisor 
f(X) E R [Xl. 
In view of Suslin’s result for polynomial rings R [XL,..., X”j, [7, 
Theorem 2.61, we are really concerned with the case n = d + 2. Our intention 
below is to reduce this case also to the polynomial ring case. 
Induct on m. We have just established the result for m = 0 above in 
Theorem 5.1(I) 
Let v = (ur ,..., ud+J E Um(AITI ,..., Z’,ldt2). By the induction hypothesis, 
we may assume that v, = 1 (modf(X) T,) and v, z 0 (modf(X) T,) for all 
2<i<d+2. 
By a change of variables T; = f(X)-” T,, T; = Ti for all 2 < i Q d + 2, 
for some suitable integer N > 0, we may assume that v is a row over 
R [X, T; ,..., T;]. Moreover, by choosing N suitably, the ideal ‘II = 
(v I ,..., vdt2) in R [X, T; ,..., TL] will contain the element v, = 1 (moddf(X)). 
Since v E U,(A [T, ,..., Tm]d+2),fM E % for some M > 0. Consequently, ‘u = 
R [X, T; ,..., T;]; i.e., v, regarded as a row over R[X, T; ,..., Th], is 
unimodular. 
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By [7, Theorem 2.61, there exists u E E,(R [X, T; ,..., Th]) such that 
uv = e,. Reverting back to our original variables, we get that 
Ed+*@ [T, ,..., T,]) acts transitively on Urn@ [T, ,..., Tmld+*). 
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